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Transport properties of a hard-sphere colloidal fluid are investigated by Brownian dynamics sim-
ulations. We implement a novel algorithm for the time-dependent velocity-autocorrelation function
(VACF) essentially eliminating the noise of the bare random motion. The measured VACF reveals
persistent anti-correlations manifested by a negative algebraic power-law tail t−5/2 at all densities.
At small packing fractions the simulations fully agree with the analytic low-density prediction, yet
the amplitude of the tail becomes dramatically suppressed as the packing fraction is increased. The
mode-coupling theory of the glass transition provides a qualitative explanation for the strong vari-
ation in terms of the static compressibility as well as the slowing down of the structural relaxation.
Introduction.– In a fluid the velocity autocorrelation
function (VACF) in equilibrium encodes the self-diffusion
coefficient as its time-integral, similar Green-Kubo rela-
tions exist for all transport coefficients such as viscosity
or heat conductivity [1]. For underlying Newtonian dy-
namics it is well established since the late 1960’ by the
pioneering simulations of Alder and Wainwright [2], ex-
act theoretical results [3, 4], and experiments [5–8] that
the VACF and other relevant correlation functions dis-
play an algebraic power-law decay t−3/2 in 3d. Such tails
then imply a non-analytic behavior for the frequency-
dependent transport coefficients. The origin of these per-
sistent correlations is traced back to the slow diffusion
of conserved transverse momentum [1, 2, 9, 10]. Sim-
ilar tails also arise due to the presence of boundaries
[6, 11, 12] or in the presence of disorder [13–15] or even
driven granular systems [16].
For a colloidal suspension, velocity is not an observ-
able anymore, rather it fluctuates without bounds, mo-
mentum is lost incessantly due to friction and gained by
thermal noise. Nevertheless, a VACF Z(t) can be defined
formally by
Z(t) :=
1
6
d2
dt2
〈[R(t)−R(0)]2〉, t > 0, (1)
thereby extending the connection with the mean-square
displacement also to the colloidal case. Recently, there
has been experimental progress to monitor with high pre-
cision the VACF of an isolated colloid in a solvent held
by an optical trap [5–8] and confirm that the coupling
to the solvent gives rise to long-time tails as above and
colored noise as predicted theoretically [17, 18].
In Brownian dynamics (BD) the solvent is treated only
implicitly by Gaussian white noise and friction, corre-
spondingly these hydrodynamic tails due to momentum
conservation do not occur. Yet, exact low-density expan-
sions [19–21] developed in the early 1980’ of the many-
body Smoluchowski equation in 3D predict a similar long-
time behavior for the VACF, although more rapidly de-
caying t−5/2 and with negative prefactor. The tails arise
due to particle conservation and reflect the repeated en-
counters with the same scatterer. Roughly speaking, the
particle ’remembers’ that a second colloid is blocking the
way in the relative motion, the constraint fading away
only slowly by diffusion. Generally, these tails appear as
universal feature of strongly interacting particle systems
lacking momentum conservation. In contrast to the hy-
drodynamic tails, there appears to be only rudimentary
data analysis [22] of BD simulation results to corroborate
the persistent tails. The difficulty in obtaining accurate
results in BD simulations is that the mean-square dis-
placement is dominated by the white noise keeping the
dynamics in equilibrium. For dilute systems the inter-
actions leading to deviations from conventional diffusion
are rare events and get buried completely in the noise.
For higher packing fractions there is a significant sup-
pression of the diffusive motion, yet the persistent tails
(if they prevail beyond the low-density regime) are again
hard to extract from noisy data.
In this Letter we present BD simulation data for the
VACF over several orders of magnitude in time and am-
plitude thereby confirming the existence of such long-
time tails for the first time. The key ingredient is
an adaption of an algorithm originally introduced by
Frenkel [13] for a single particle on a lattice. At the
lowest packing fractions ϕ the data are fully described by
the low-density expansion, in particular we reproduce the
short-time divergence as well as the predicted long-time
tail. We show that the mode-coupling theory (MCT) of
the glass transition for colloids also yields a long-time
tail provided the long-wavelength dynamics is properly
resolved. The trends in the amplitude of the tail in the
simulation are rationalized within MCT. Furthermore,
we elaborate the MCT prediction for the VACF in the
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2vicinity of the glass transition.
Model and Simulation.– To unravel the VACF in de-
tail, we investigate a hard-sphere colloidal fluid with par-
ticles of identical diameters σ and short-time diffusion
coefficient D0 at packing fraction ϕ = nσ
3pi/6 [1]. Cor-
respondingly, t0 = σ
2/D0 sets the basic unit of time,
Z(t)σ2/D20 is the dimensionless VACF. We rely on event-
driven Brownian dynamics simulations [23–26] for 1000
particles using a fixed Brownian time step and evolve the
particles ballistically including collisions.
Yet, for low densities most of the time no collisions oc-
cur and the dynamics is dominated by the noise of the
free Brownian motion. Motivated by Frenkel [13], we
propose a novel method, which generates two trajecto-
ries for an identical noise history, one with collisions and
another for free Brownian motion ignoring interactions.
Accordingly, we split the total displacement of a particle
into two contributions
∆R(t) = ∆R0(t) + δR(t), (2)
where ∆R0(t) represents the random displacement of
the non-interacting trajectory. The difference δR(t) is
then the collision-induced displacement. Then the mean-
square displacement evaluates to
〈∆R(t)2〉 = 6D0t− 〈δR(t)2〉+ 2〈∆R(t) · δR(t)〉. (3)
The mean-square displacement (MSD) is evaluated
for packing fractions ranging from the dilute regime,
ϕ = 0.005, to just below the freezing transition, ϕ =
0.48, see Fig. 1. Both the short-time diffusive motion
〈∆R(t)2〉 = 6D0t, t → 0, as well as the long-time dif-
fusion 〈∆R(t)2〉 = 6D(s)t, t → ∞ is properly resolved.
From the data we extract the long-time self-diffusion co-
efficient D(s) and observe a slowing down by a factor
of ≈ 7 with respect to the free motion. The crossover
regime extends over 2 decades for the highest densities
but appears to be a featureless smooth interpolation.
Clearly, for low densities the correction terms become
small relative to the bare diffusion term by construction.
Yet, the simulations reveal that the cross-correlation
term 2〈∆R(t) · δR(t)〉 in the MSD is at least by 2 orders
of magnitude smaller than the correction term 〈δR(t)2〉,
see Fig. 1(b). We have checked that this hierarchy of
contributions persists to all densities. This observation
suggests that we can ignore the cross-correlation com-
pletely. Then the collision-induced mean-square displace-
ment captures the suppression of diffusion, reflecting that
interaction can only slow down the MSD.
Upon taking derivatives in Eq. (3), the bare diffu-
sion term drops out for t > 0 while it formally yields
a contribution 6D0δ(t) at the time origin. The remain-
ing terms can be differentiated numerically and yield
high-accuracy data for the VACF. Note, that in the low-
density regime δR(t) evaluates to zero most of the time,
since few collisions occur. Using the observation that
FIG. 1. (a) Mean-square displacement 〈∆R(t)2〉 of monodis-
perse Brownian hard spheres for various packing fractions ϕ.
Inset: Long-time diffusion coefficients D(s) vs packing frac-
tion. (b) Each term in Eq. (3) for packing fractions ϕ = 0.005
(solid lines) and ϕ = 0.25 (dashed lines).
the cross-correlation can be ignored, a noise suppression
by more than 2 orders of magnitude is achieved at low
densities, see Supplementary Material [27].
The computed VACF reveal non-trivial correlations
beyond the crossover regime, see Fig. 2. Our data cover 5
decades in time and more than 5 orders of magnitude in
signal. The data clearly display an anti-correlated long-
time tail
Z(t) ' −ϕB(ϕ)D
2
0
σ2
(
t
t0
)−5/2
, t→∞, (4)
for all packing fractions with the anticipated exponent
−5/2 and dimensionless prefactor ϕB(ϕ). Since a non-
trivial VACF arises only in the interacting system, we
have included ϕ explicitly in the prefactor. Our simu-
lation results show that B(ϕ → 0) ≈ 0.14 saturates for
small packing fractions. For the lowest densities we com-
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FIG. 2. Log-log plot of the reduced VACF of monodis-
perse Brownian hard spheres for increasing packing fraction
ϕ. Symbols represent simulation data. The black solid line is
the exact low-density expansion, Eq. (5). The colored dashed
lines are fits to the power-law tails. The dashed black line
labeled t−5/2 is added as guide to the eye. Inset: Prefactor of
the tail vs. packing fraction.
pare to the exact analytical results [19–21]
Z(t) = −8ϕD
2
0
σ2
{√ t0
2pit
− cos(4t/t0)
[
1− 2S(
√
8t/pit0)
]
+ sin(4t/t0)
[
1− 2C(
√
8t/pit0)
]}
,
(5)
for the first-order in the low-density expansion. Here
S(·), C(·) denote the Fresnel integrals [34]. Our data
nicely follow the theoretical prediction for ϕ . 0.01,
in particular, they exhibit the long-time tail with exact
prefactor B(ϕ → 0) = 3/(8√2pi). For larger packing
fractions, the prefactor B(ϕ) displays a strong density
dependence beyond the low-density prediction, Fig. 2[In-
set]. We find that the amplitude is suppressed by a factor
of ≈ 110 upon approaching the freezing transition.
All simulation data also display a divergent short-time
behavior Z(t) ∼ −t−1/2, t → 0 which is a peculiarity
of the hard-sphere interaction [35, 36], the discussion is
deferred to the Supplementary Material [27].
Mode-coupling theory.– Numerical solutions of the
colloidal MCT equations [37, 38] for the self-motion and,
in particular the MSD, have been developed earlier [39]
and successfully compared to experiments [40–43] and
simulations [44]. Thus, in principle the VACF can be
obtained by taking derivatives as in Eq. (1). Yet, so far
MCT equations relied on equidistant grids in wavenum-
ber space and cannot properly resolve long-wavelength
phenomena arising from a continuum of wavenumbers.
Here we rely on the Zwanzig-Mori procedure [37, 45,
46] for an exact equation of motion for the VACF in terms
of the irreducible memory kernel ζ(s)(t) (the autocorre-
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FIG. 3. Mode-coupling-theory results for the reduced VACF
Z(t)/ϕ for packing fraction ϕ with Percus-Yevick closure such
that the diffusion coefficients match the simulation results.
The short-dashed line indicates a power law t−5/2 and serves
as a guide to the eye. The long-dashed line corresponds to
the weak-coupling approximation (w.c.a.) and is virtually on
top of the MCT result for the lowest packing fraction. Inset:
Prefactor of the tail vs. packing fraction.
lation function of the fluctuating force with projected
dynamics)
Z(t) +D20β
2ζ(s)(t) +D0β
2
∫ t
0
ζ(s)(t− t′)Z(t′)dt′ = 0,
(6)
for t > 0. Within MCT [38] the memory kernel is con-
nected to the self-intermediate scattering functions of the
collective S(k, t) and self-motion S(s)(k, t) by an integral
over all wavenumbers
β2ζ(s)(t) =
n
6pi2
∫ ∞
0
dk k4c(k)2S(k, t)S(s)(k, t), (7)
where c(k) is the direct correlation function [1]. The in-
termediate scattering functions S(k, t), S(s)(k, t) are re-
quired as input for the memory kernel ζ(s)(t). Then
the VACF follows by a numerical solution of Eq. (6).
We solve numerically the standard MCT equations, yet
to resolve the long-wavelength dynamics, we rely on a
grid with logarithmic spacing, see Supplementary Mate-
rial [27] for details.
The numerical results for the VACF within MCT dis-
play a long-time tail for all packing fractions, see Fig. 3.
It is well-known that MCT overestimates the slowing-
down or the structural relaxation. For comparison with
the simulation results, the packing fractions in MCT have
been chosen to match the suppression of diffusion ob-
tained from simulation results. The overall shape of the
VACF compares favorably to the simulation results, in
particular, we reproduce the strong density dependence
of the prefactor of the long-time tail. Nevertheless, it
4appears that the suppression of the tail is even more
drastic in MCT than in simulations, see inset of Fig. 3.
The MCT results show a similar short-time divergence
t−1/2 for t → 0 as the simulation data and the exact
low-density result.
To gain further insight into how MCT encodes the tail
we analyze the behavior of the equations analytically
for low densities and for long and short times. In the
low-density regime c(k) 7→ 4pi[sin(kσ) − kσ cos(kσ)]/k3,
the force kernel ζ(s)(t), Eq. (7), simplifies and repro-
duces the weak-coupling approximation [47–50] (essen-
tially second order perturbation in the interaction).
Here the intermediate scattering functions have to be
evaluated for the non-interacting system S(k, t) 7→
exp(−D0k2t), S(s)(k, t) 7→ exp(−D0k2t). Then, for low
densities one finds Z(t) = −D20β2ζ(s)(t) from Eq. (6) for
all times. The analytical result of the weak-coupling ap-
proximation is included in Fig. 3 and coincides with the
numerical MCT solution for ϕ ≤ 0.005. Interestingly, for
the rather low packing fraction ϕ = 0.10, MCT yields
already a long-time tail in Z(t)/ϕ suppressed by a factor
of 5, while in our simulations, Z(t)/ϕ it is suppressed by
a factor of 4.
Mode-coupling theory provides an explanation for the
origin of the tails similar to the classic hydrodynamic
tails [3, 4] which are due to transverse momentum con-
servation. In our case the coupling of the collective
and self-intermediate scattering function in the force,
Eq. (7), yields a slowly decaying contribution for long
wavelengths. For long times the integral is dominated
by small wavenumbers where the intermediate scattering
functions S(k, t) ' S(0) exp(−D0k2t/S(0)), S(s)(k, t) '
exp(−D(s)k2t) approach diffusive motion. Here D(s)
is again the long-time self-diffusion coefficient and
D0/S(0) the collective diffusion coefficient (which is time-
independent as a consequence of Newton’s third law [48]).
Then the MCT approximation yields a long-time tail
ζ(s)(t) ∼ t−5/2 with positive prefactor. The long-time
behavior of the VACF Z(t) ' −(D(s))2β2ζ(s)(t) follows
from the equation of motion, Eq. (6), using Tauber the-
orems. Collecting the prefactors yields the asymptotic
long-time behavior
MCT: Z(t) ' −(D(s))2 S(0)nc(0)
2/16pi3/2
[D(s) +D0/S(0)]5/2
t−5/2 . (8)
In particular, this yields a prediction for the low-
density behavior with dimensionless amplitude B(ϕ) =
(1/6
√
2pi) consistent with the weak-coupling result [48].
Thus, the amplitude in weak-coupling is by a factor of
4/9 smaller than the exact low-density expansion due to
repeated encounters with the same scatterer.
It is interesting to ask how the long-time anomaly
evolves with increasing density. At moderate packing
fractions the fluid is barely compressible, S(0) 1 (while
nc(0) = 1 − 1/S(0) ≈ −1/S(0) via the Ornstein-Zernike
relation [1]), hence the self-diffusion coefficient can be ig-
nored in the denominator of Eq. (8) and the prefactor
displays a strong ∼ S(0)3/2 dependence by mere com-
pressibility effects. Upon changing the packing fraction
from ϕ = 0.005 to ϕ = 0.40 the static structure factor
S(0) is suppressed by a factor of 24. Approaching the
glass transition, the self-diffusion coefficient D(s) singu-
larly goes to zero such that the tail in Eq. (8) becomes
even more suppressed. At the same time the structural
relaxation diverges and an intermediate window between
the short-time anomaly and the long-time tail should
open. Currently it appears to be unfeasible to test these
predictions by simulations.
Summary and Conclusion.– We have measured the
VACF of an interacting colloidal system in Brownian dy-
namics simulations and observed an anti-correlated alge-
braic decay for long times. These underlying persistent
correlations are masked in the MSD since the diffusive in-
crease usually dominates. Therefore we have elaborated
a novel algorithm which is sensitive only to the collisions,
thereby enhancing the signal-to-noise ratio at least by an
order of magnitude. The amplitude of the tail decreases
by several orders of magnitude as the packing fraction
is increased, which is qualitatively reproduced by MCT.
The origin of the tail is also rationalized by MCT as a
result of coupling of two slow diffusive modes.
While the low-density expansion is valid only up to
packing fractions ϕ . 0.01, MCT provides a prediction
for all densities, in particular, it predicts the strong sup-
pression of the amplitude by static compressibility ef-
fects as well as by the slowing down of self-diffusion.
MCT also generalizes the weak-coupling approximation,
where the direct correlation function is replaced by the
bare interaction potential, c(k) 7→ −βu(k). This replace-
ment arises also in a factorization of Gaussian fluctua-
tions [51, 52] but can be avoided in diagrammatic ap-
proaches [53]. Generally, the tails should also be present
in modified MCT approaches [54–60]. Similar persistent
correlations are anticipated also for the time-dependent
stress-stress correlation functions which determines the
frequency-dependent shear modulus also encoded in the
MCT approach.
In Brownian dynamics the solvent exerts friction only
on the single-colloid level while hydrodynamic interac-
tions (HI) can be accounted for in Stokesian dynamics
simulations [61]. The low-density prediction [19–21] has
been generalized to incorporate HI and display the same
long-time tail t−5/2, albeit with a somewhat corrected
prefactor [62]. Similarly, MCT including HI [49, 50]
merely modifes the vertex thereby affecting only the pref-
actor of the tail. For high densities HI are believed not
to be crucial to understand the slow structural relax-
ation [63]. The tail appears also in the case of quenched
disorder [55, 64], such as in the Lorentz gas explored by
a Brownian tracer as predicted in a low-density expan-
sion [65] and was confirmed in Brownian dynamics sim-
5ulations in 2d [66]. Therefore, one anticipates that the
emergence of the tail should be a universal feature for
any dynamics conserving only the particle number [67].
Noise-suppression algorithms relying on identical noise
histories have been introduced before, mainly in non-
equilibrium Brownian dynamics [68, 69]. There, the equi-
librium fluctuations are subtracted to enhance the signal
for the average response for small driving which otherwise
is dominated by fluctuations. The method proposed in
our work is somewhat different, rather it addresses the
interactions of the particles and remains applicable even
at long times.
Our method of noise suppression by decomposing the
displacements into a non-interacting contribution and a
collision-induced one is not restricted to hard-spheres
(see Supplementary Information [27] for simulation re-
sults for soft spheres) and should apply also in the case
of confinement such as porous media [55, 64]. Simi-
larly, the strategy should be applicable also beyond the
mean-square displacement upon introducing covariances
of fluctuating intermediate scattering functions, similar
to the measures of dynamic heterogeneities in glassy re-
laxations [70–73]. Then, subtle dynamical correlations in
Brownian systems that are usually covered by the ran-
dom fluctuations of the non-interacting system become
accessible in simulations. Finally, non-equilibrium sim-
ulation set-ups to probe the nonlinear response should
also be feasible with the noise-suppression algorithm.
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SUPPLEMENTAL MATERIAL
1. NOISE SUPPRESSION IN THE VELOCITY-AUTOCORRELATION FUNCTION
We have argued in the main text that for dilute systems the mean-square displacement (MSD) is dominated by
the white noise rather than the interactions. Therefore, we have introduced a novel algorithm which is sensitive only
to the collisions. We benchmark our algorithm in Fig. 4. The red line indicates the VACF obtained from the raw
MSD data, which is too noisy to estimate any signal. By using our noise cancellation algorithm, we enhance the
signal-to-noise ratio by two orders of magnitude (blue symbols).
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FIG. 4. Log-log plot of the reduced VACF at ϕ = 0.005. The red solid line indicates the VACF obtained from the raw MSD
data, whereas blue symbols are obtained using our noise cancellation algorithm. The black solid line is the exact low-density
expansion. The dashed black line labeled t−5/2 serves as a guide to the eye.
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FIG. 5. The time dependence of the VACF for all system sizes investigated at a fixed packing fraction ϕ = 0.25. The dashed
blue line is a fit to the power-law tail. The dashed black line labeled t−5/2 is added as guide to the eye.
2. FINITE-SIZE EFFECTS
To investigate the finite-size effects on the VACF, we perform Brownian dynamics simulations for the systems of
50, 500, and 1000 hard spheres at a fixed packing fraction ϕ = 0.25, see Fig. 5. The results indicate that finite-size
effects exist for the smallest system size (50 particles) and affect the long-time tail. As soon as the particle numbers
are larger than 500, we do not observe any finite-size effects. We also repeat the same analysis for other packing
fractions, and find similar behavior.
3. LOGARITHMIC GRID FOR MCT CALCULATION
For the numerical solution of the MCT, Eqs. (6) and (7) in the main text, the intermediate scattering function of
the collective S(k, t) and self-motion S(s)(k, t) are required as input. Therefore, the corresponding standard MCT
equations [38] have to be solved first. For instance, the exact equation of motion for the collective intermediate
scattering function in terms of the irreducible memory kernel m(q, t) is given by
τ(q)S˙(q, t) + S(q, t) +
∫ t
0
m(q, t− t′)S˙(q, t′)dt′ = 0, (9)
with τ(q) = S(q)/q2D0. The initial condition for the intermediate scattering function is S(q, t = 0) = S(q), with S(q)
the structure factor. Within MCT the memory kernel m(q, t) is a functional of the intermediate scattering functions
itself, hence Eq. (9) has to be solved self-consistently with the memory kernel. Introducing bipolar coordinates, the
standard expression for the memory kernel reduces to a twofold integral [38]
m(q, t) =
nS(q)
32pi2q5
∫ ∞
0
kdk
∫ q+k
|q−k|
pdp
[
(q2 + k2 − p2)c(k) + (q2 + p2 − k2)c(p)]2S(k, t)S(p, t). (10)
A convenient procedure to reduce the computational complexity is the separation into p and k dependent terms such
that the inner integral only depends on k due to the integral bounds |q − k| and q + k. For equidistant grids in wave
number space the evaluation of the related integral is straightforward.
We, however, rely on a wave vector grid with logarithmic spacing in the reduced wave number, [x−N , . . . , x, 1]kmaxσ.
Then, the boundaries of integrals do not coincide with the wave number grid and have to be interpolated to the nearest
grid points. Thus, multiple terms have to be considered during the recursive calculation of this integral, in contrast
to the equidistant case where only one term is relevant in each iteration step. By this adaption to the logarithmic
spacing, the efficient MCT algorithm can be reused and very low wave numbers can be covered.
9To avoid cancellation errors in the mode-coupling functional a Taylor expansion of
∫ q+k
|q−k| dp . . . for small wave
numbers has been performed in Eq. (10).
A high wave number cutoff of kmaxσ = 160 is chosen, which is considerably higher than in standard MCT dis-
cretization. Together with the base x = 1.02 and N = 800 grid points a minimal wave number kminσ = x
−Nkmaxσ =
2.2×10−5 is reached while the static structure factor is still properly resolved. More grid points have only a marginal
effect on the numerical solution.
4. CLOSURE RELATIONS
For the structure factors and direct correlation functions we use the Percus-Yevick (PY) closure, which is quite
accurate for hard-sphere systems [1]. For comparison, we also employed the Rogers-Young (RY) closure relation [28–
30] which yields thermodynamically consistent results.
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FIG. 6. Static structure factor at ϕ = 0.10 and ϕ = 0.48 for Percus-Yevick (PY) closure (solid lines) and Rogers-Young (RY)
closure (dashed lines). For rather low packing fractions (ϕ = 0.10) the structure factor for PY and RY closure lie on top of
each other. Inset: S(0)3/2 vs. packing fraction both for PY and RY.
For rather low packing fractions (ϕ = 0.10) PY and RY basically yield the same results (difference less than 1%),
see Fig. 6. For higher packing fractions (ϕ = 0.40) the absolute value of the structure factor in the long wavelength
limit for RY closure is approximately 10% higher than for PY. Nevertheless, the differences between the closures are
insignificant for the dramatic suppression of the long-time tail. Thus, the numerical results for the reduced VACF
would be virtually on top of each other, see Fig. 7. Furthermore, the dominating S(0)3/2 dependence of the prefactor
of Eq. (8) in the main text is only marginally affected by the closure, see Fig. 6 (Inset).
5. SHORT-TIME DIVERGENCE OF THE VACF
All simulation data also display a divergent short-time behavior Z(t) ∼ −t−1/2, t→ 0 which is a peculiarity of the
hard-sphere interaction [35, 36]. In fact, for smooth potentials the VACF can be expanded in a regular Taylor series
such that the coefficients are determined by static properties [31]. Nevertheless, our data are in agreement with the
low-density result Z(t) ' −(8/√2pi)ϕ(D20/σ2)(t/t0)−1/2 for ϕ . 0.01.
The short-time divergence t−1/2 can also be rationalized analytically from the force kernel ζ(s)(t), Eq. (7) in the
main text. For t = 0 the integral evaluates to infinity due to the exact asymptotic behavior of the direct correlation
function nc(k) ∼ cos(kσ)/(kσ)2 for k → 0 in the case of hard spheres (irrespective of the closure relation). Yet,
for small t > 0, the integral converges by the exponential decay of the intermediate scattering functions S(k, t) 7→
S(k) exp(−D0k2t/S(k)) in the short-time diffusive regime. The integral is then dominated by large wave numbers
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FIG. 7. Mode-coupling theory results for the reduced VACF Z(t)/ϕ using the PY closure in (a) and the RY closure in (b).
The short-dashed line indicates a power law t−1/2 and serves as a guide to the eye. The long-dashed line in (a) corresponds to
the weak-coupling approximation (w.c.a.) and is essentially on top of the numerical MCT results for ϕ = 0.005.
1  kσ . σ/√D0t =
√
t0/t, where the integrand averages to a constant, thus yielding ζ
(s) ∼ t−1/2. Then the
equation of motion, Eq. (6) in the main text yields Z(t) ' −D20β2ζ(s)(t) ∼ t−1/2 for t→ 0. Our numerical solutions
coincide with this predictions for times such that the cut-off in the discretization is irrelevant, kmaxσ &
√
t0/t, see
Fig. 7. To resolve the short-time divergence properly for all packing fractions the time frame starts at t/t0 = 3.9×10−5
corresponding to a high-wave number cutoff kmaxσ = 160.
The short-time divergence of the numerical MCT solution coincides with the weak-coupling approximation for
ϕ ≤ 0.005. Interestingly, for the low packing fraction ϕ = 0.10, MCT yields already a short-time divergence increased
by 60%, while in our simulations, Z(t)/ϕ is increased by 30%. The short-time singularity does not arise for smooth
potentials, since then the direct correlation functions decay faster, correspondingly, this effect should be viewed as an
artifact of the hard-sphere model.
6. SMOOTH POTENTIALS
We further perform Brownian dynamics simulations of soft spheres subject to periodic boundary conditions and
with Weeks-Chandler-Andersen (WCA) interactions [32] between particles. These particles have identical diameter σ
and short-time diffusion coefficient D0. Accordingly, their positions Ri evolve as
dRi(t)
dt
= − D0
kBT
∇iUWCA(Rij) +
√
2D0ηi(t), (11)
where ηi represents Gaussian white noise with zero mean and unit variance. The distance between particles i and j
is denoted by Rij = |Ri −Rj |. The WCA potential is given by
UWCA(r) =
{
4
[
(σ/r)12 − (σ/r)6]+  for r/σ ≤ 21/6
0 else.
Here,  > 0 sets the energy scale and σ > 0 the length scale. The packing fraction is defined as ϕ = (N/V )piσ3/6
similar to the hard-sphere case. We integrate Eq. (11) for the temperature T = /kB using the Euler method with a
finite time step δt = 10−5t0, where t0 = σ2/D0 sets the unit of time scale.
Figure 8 shows the measured VACF for soft sphere systems using our noise suppression algorithm. The results
clearly indicate an anticorrelated long-time tail Z(t) ' −ϕB(ϕ)(t/t0)−5/2 for all packing fractions with dimensionless
prefactor ϕB(ϕ). The prefactor of the long-time tail for various packing fractions is shown in the inset of Fig. 8. It
turns out that the prefactor is identical to hard sphere systems. Nevertheless, at short times the VACF does not
display a divergent behavior, instead it saturates to a finite value. In fact, this peculiarity can be understood by a
short-time expansion of correlation functions for smooth potentials, which yields
〈∆R(t)2〉 = 6D0t− 3t
2D20
kBT
〈
U ′′WCA(Rij)
〉
+O(t3), (12)
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FIG. 8. Log-log plot of the reduced VACF of monodisperse Brownian soft spheres for increasing packing fraction ϕ. The black
is the exact low-density expansion, Eq. (5) in the main text. The colored dashed lines are fit to the data. The dashed black
line labeled t−5/2 is added as guide to the eye. Inset: Prefactor of the tail vs. packing fraction.
where
〈
U ′′WCA(Rij)
〉
evaluates to a positive constant, see Ref. [31] for details. Plugging the above expression into
Eq.(1) in the main text, we obtain a finite limiting value Z(t→ 0) = −(6D20/kBT )
〈
U ′′WCA(Rij)
〉
at short times.
7. COMPRESSIBILITY EFFECTS
To approximate hard spheres interactions, we have also tuned the WCA potential by changing the pair of exponents
from (12− 6) to (48− 24) [33]. Using this steep potential, we perform Brownian dynamics simulations of 1.3 million
particles to extract the density-dependence of the compressibility effects. In Fig. 9, we compared the structure factors
S(q) = |ρ(q)|2/N from our simulations (symbols) with the PY theory (lines) and found an excellent agreement. In
particular, we find that S(0)3/2 is suppressed by a factor of 350 with increasing density (see the inset of Fig. 9), which
suggests that the prefactor of the VACF becomes more dominated by the compressibility effects.
12
FIG. 9. Static structure factor at ϕ = 0.005, 0.10 and 0.48. Symbols are from 3d Brownian dynamics simulations and lines are
from PY theory. The inset shows the strong density dependence of the compressibility effects.
